Throughout biology, hierarchy is a recurrent theme in the geometry of structures where strength is achieved with minimal use of material. Acting over vast timescales, evolution has brought about beautiful solutions to problems of optimisation that are only now being understood and incorporated into engineering design. One particular example of this hierarchy is found in the junction between stiff keratinised material and the soft biological matter within the hooves of ungulates. Using this biological interface as a design motif, we investigate the role of hierarchy in the creation of a stiff, robust interface between two materials. We show that through hierarchical design one can manipulate the scaling laws relating constituent material stiffness and overall interface stiffness under both shear and tension loading. Furthermore, we uncover a cascade of scaling laws for the higher order structure and link their origin with competing deformation modes within the structure. We demonstrate that when joining two materials of different stiffness, under shear or tension, hierarchical geometries are linked with beneficial mechanical properties.
Introduction
Naturally occurring hierarchical interfaces for modulating adhesive interaction between two surfaces have been well documented; examples of such designs are to be found on the feet of geckos, spiders and insects [1, 2, 3] . Although other contributions have been proposed [4] , it is understood that the primary interaction responsible for allowing geckos to walk up walls is the van der Waals interaction [5] . The hierarchical geometry of the gecko's foot is key in making this adhesion possible utilising this very weak interaction [22] . This structure has inspired a research area with the goal of creating dry adhesive mechanisms, with a high degree of success [7, 8, 6, 9] . Numerous other applications of fractal-like geometries are found in nature optimised for various functionalities including spider capture silk for strength and elasticity [10] , hard biological composites for stiffness and fracture toughness [11, 12] and trabecular bone for stiffness and minimal weight [13] . Excitingly, novel manufacturing methods are allowing the principles of hierarchical design to be utilised in engineering designs [17, 16, 14, 15] .
The importance of geometry when creating an interface is clear: it is often the case that interfaces with non-trivial geometry exhibit remarkable mechanical properties [20, 18, 19] . Suture joints are a prime example of such geometric specialization for mechanical purpose, typically observed joining two regions of a given material via an interfacial region comprised of a second material with a lower stiffness [20, 21] . Examples of such joints are to be found in bone [2] (including the cranium [23] ), turtle shell [21] and ammonites [24, 25] . In all of these cases, mechanical function is hypothesised to be a driving factor in the design of the interface (including sitffness, strength, fracture/penetration resistance); other functions for which such designs are specialised include growth, respiration and buoyancy control [25, 24, 23] .
Here we focus on a novel application of hierarchical design -creating a permanent adhesive connection between two materials of vastly differing stiffness. The geometry of both sides of the interface is designed to permit maximal interface stiffness. The inspiration for our geometry stems from the interface between epidermal and dermal lamellae within the bovine and equine hoof capsule, shown in figure 1. It is of particular interest that different hierarchical orders of the same base motif can be seen in different species, thus giving the possibility of observing dependence of the optimal design on various input parameters. In the equine hoof, this interface, long since known to exhibit a hierarchical geometry [26, 27] , is responsible for the suspension of the weight of the horse from the hoof wall [28] . The geometry of this interface is assumed to be an anatomical specialisation key to force mediation [29] . Clinical signs of laminitis (a disease causing lameness) occur when this hierarchical lamella architecture disintegrates [30] , thus heavy selection pressure should ensure that this interface create a robust connection between the pedal bone and the hoof wall [28, 31] . The role of the hierarchical geometry in the mediation of forces across this interface is currently not well understood. While the extensive surface area available for adhesion is used by many as justification for the ability of the horse foot to survive large load [28] , no studies have attempted to model this hypothesis.
In this paper we present an investigation into the effect of hierarchical geometry on interface stiffness. We demonstrate the manipulation of scaling relationships relating overall interface stiffness to relative material stiffness through alteration of the hierarchical order. We show that under both shear and tension loading, beneficial properties are associated with increasing the hierarchical order of the structure. In higher order structures, we uncover a cascade of scaling relationships that are linked to alternative deformation modes within the interface structure. We show the transition from one scaling regime to another hoof wall. The image shows the interface between soft biological material and stiff keretinized materials found in the bovine (left) and equine (right) hoof. In both cases the hoof wall is situated below the region imaged, while the pedal bone is above. This interface mediates large concussive loads between the two regions during the animal locomotion. The secondary lamellae are on both the dermal and epidermal lamellae are clearly visible in the inset of the right hand image.
can be manipulated through alteration of the geometric parameters within the interface geometry.
Geometry and hierarchy
The geometry of the interface investigated here is simple to construct in an iterative manner. First, we define the generation-0 surface as a simple planar interface, see figure 2. The generation-1 structure can be thought of as a generation-0 structure with a series of lamellae protruding from both sides of the interface creating an interlocking pattern, the resulting geometry is shown in figure 2 where the parameterisation of the geometry is introduced. The generation-n structure can be constructed by placing a set of interlocking lamella protruding from both surfaces of the generation-(n − 1) geometry normal to the tangent of the interface at that point, at set interval along the arc-length of the interface. At each iteration it is assumed that all lamellae introduced are of the same geometry. A pair of primary lamella of a generation-2 surface is shown in figure  2 .
Here we focus on joining two materials with vastly differing stiffness, thus we model one side of the interface as infinitely rigid, while the second is permitted to deform with a linear elastic response. Between the two surfaces, a third material is added which is assumed to be Hookean and isotropic. The length and width of the lamellae is defined as l G,i and t G,i respectively where G is the generation of the structure and i is iteration at which the lamellae were introduced of the lamellae (i = 1 corresponds to the first lamellae protrude from the deformable domain base, i = 2 corresponds to the lamellae that protrude from the i = 1
Figure 2: [Colour online] Top: the generation-0 geometry: a planar connection of two materials of vastly differing stiffness joined by an adhesive connection of thickness t i . Middle: the generation-1 interface and its parameterisation. Bottom: the generation-2 geometry: A pair of primary lamellae protrude from the deformable domain, from these primary lamellae, a secondary set of lamellae emanate at a given angle, θ (θ = π/2 shown). The fixed domain interdigitates these deformable lamellae. In all three diagrams, the red region represents an infinitely stiff material, which is connected to the deformable material (shown in blue) via a (turquoise) inter-surface interaction. An imposed displacement of ∆ is applied to the lower surface of a given design and the stiffness of the interface is evaluated. lamellae). The aspect ratio of each lamella is then defined as
In order to test the stiffness of the interface an imposed displacement of magnitude ∆ is applied to the lower surface of the deformable material and the reaction force is measured along that boundary.
Results
Here we present the results of finite element simulations calculating the stiffness of geometries with varying degrees of hierarchy. The finite element simulations are undertaken using the two-dimensional structural mechanics module of COM-SOL 5.1 Multiphysics [32] using a plane strain assumption. Mesh refinement studies were undertaken to ascertain accuracy of the results, required mesh density was highly dependent on the relative thickness of interface to lamellae and other parameters.
Generation-0
The generation-0 structure is composed of a planar interface between a deformable and an infinitely rigid material connected by an intermediate elastic medium, see figure 2. When imposing a displacement on the base of the deformable surface relative to the rigid material, the nature of the deformation across the structure will be dependent on the stiffness of the interface, Y i , and that of the deformable surface, Y s , the ratio of the stiffness will be denoted η:
We also introduce the non-dimensional load parameter,
where ∆ is the imposed displacement on the structure, G denotes the generation of the structure investigated and F R is the reaction load parallel to the imposed displacement per unit length in the remaining spatial dimension. Assuming periodic boundary conditions in the x direction, it is possible to show that the minimum energy configuration under loading preserves parallel lines perpendicular to the normal of the interface. As shown in 3, the reaction forces for the flat interface under tension and shear both follow the same scaling behaviour with η: For small η the reaction force measured on the interface is independent of variations in η, while for larger η the scaling observed is 
Generation-1
For the generation-1 and higher order designs, we introduce γ as the ratio of the total reaction force of the structure of interest to that of the generation-0 structure of the same width (L x in figure 2) undergoing the same deformation,
As shown in figure 2 Tension: We first consider tension imposed on the surface of the deformable surface: a displacement in the −y direction is imposed along the base of the deformable material, as indicated by the yellow dashed line in figure 2 , and the reaction force on the structure is measured. Figure 4(a) shows the ratio of f R for the generation-1 and generation-0 structures of equal width (defined as γ) for varying η. It is observed that γ varies non-trivially with η: For η 10 2 the generation-0 structure is stiffer than the generation-1 structure (γ < 1). For larger η, we see the generation-1 structure increases in stiffness relative to the generation-0 geometry, it is observed that
where the error in the power is ±0.01. For larger η and finite aspect ratio, γ is seen to be independent of η. Shear: We also investigate the effect of an imposed displacement in the xdirection: shear on the interface. As shown in figure 4(b) , the scaling of γ with η is described by a new power law: for sufficiently long lamellae and large η it is observed that,
where the error in the power is ±0.02. As with the case of tension being imposed on the interface, for finite aspect ratio, above a certain value of η, γ is observed to be independent of η.
In both loading conditions, the transition in scaling of γ with η is due to the nature of the deformation within the structure: for values of η where γ is independent of η, the displacement at the tip of the lamellae is approximately equal to the displacement at the base of the lamella, thus the whole of the lamella is displaced as one rigid body. Consequently, the values of f R (0) and f R (1) will be vary linearly with Y i (and be independent of small changes to Y s ), and thus γ will be constant. Within the η 0.5 and η 0.24 regimes for the tension and shear respectively, the displacement at the tip of the lamella is very much smaller than at its base, thus increasing η serves to increase the "penetration depth" of the deformation, and a complex interaction between the two materials creates the observed scaling laws. The value of η at the transition from one regime to the other is thus dependent on aspect ratio of the structure.
Generation-2
Here we establish the effect of adding secondary lamellae along the length of a generation-1 structure. We establish the mechanical response of the structure when the boundary is displaced under tension and under shear. We also investigate the effect of changing the aspect ratio of both sets of lamellae, which Tension: We first analyse the response of the structure when a displacement in the −y direction is imposed on the base of the deformable surface, as indicated by the yellow dashed line in figure 2 . As shown in figure 5a, for the generation two structure three regimes are present: For large η, the value of γ is independent of η, this is indicative of a solid body translation of the material of stiffness Y s . For relatively small η, a novel scaling law is observed,
where the error in the scaling is ±0.02. It is observed that this scaling law is dependent on the distance between primary lamellae on the deformable base and is maximised in the limit of small separation between primary lamellae. It can be shown (see supplementary information) that the maximum value of the power in Eq. (8) 
where the error in the power is ±0.02. In this regime, it is hypothesised that the primary lamella acts as a solid base and the structure becomes equivalent to a series of generation-1 lamellae with a shear deformation imposed at their bases (see previous section). It is noted that increasing the aspect ratio of the primary lamella (and therefore the value of n 2,1 for this geometry), serves to increase the minimum value of η at which this scaling is observed, this supports the hypothesis that the whole of the primary lamellae becomes relatively stiff under tension resulting in this transition. The variation of stiffness with the angle θ at which the secondary lamellae protrude from the primary lamella is shown in figure 6 . Here a single lamella is separated from the base and the reaction force is measured when an imposed displacement along the green dashed line in figure  2 . The parameters used here are: a 2,2 = 32, a 2,1 = 32, t i = 1 × 10 −4 m, t 2,2 = 2 × 10 −3 m, Y i = 100MPa, ∆ = t i /10, ν = 0.45 and t F = 1.4 × 10 −3 m. It is observed the the dependence on θ is dependent on the relative stiffness of the two deformable materials involved. In the regime where stiffness scales with η 0.64 , it is seen that the minimum stiffness of the structure is obtained when θ = π 2 , indicating in this regime it is advantageous to orient the secondary lamellae such that the maximum proportion of the interface material is loaded under shear. In the other two scaling regimes, the reverse holds, θ = π 2 is shown to correspond to maximum stiffness of the interface.
Shear: The generation-2 interface can also be loaded under shear. Here we impose a deformation of magnitude ∆ in the x-direction. Figure 5b shows a similar cascade of scaling laws is observed when the interface is loaded under tension. For η 1, the increase in stiffness over a generation-0 interface is independent of η, this represents the regime where the whole generation-2 structure of stiffness Y s behaves as a rigid body. For small values of η, it is observed that
where the error in the scaling is ±0.02. This scaling is dependent on the distance between lamellae and it is maximal observed value is 0.7, see supplementary information. In this regime variations in η serve to increase the penetration depth of the deformations in both the primary and secondary lamellae. In the intermediate regime, the scaling of
is observed (error in power is ±0.01). It is hypothesised that in this scaling regime the secondary lamellae behave as rigid beams under a compressive/tensile load. The transition from γ scaling as η 0.7 and η 0.25 is dependent only on the aspect ratio of the secondary lamellae, supporting this hypothesis.
The dependence of f R on θ is also established and shown in figure 6 , we find for large values of η (> 10 8 ), increased stiffness of interface is obtained for values of θ close to 0 and π. For relatively small values of η (≈ 10
2 ) it is found that the stiffness is maximum for θ = π 2 , however, gain is less significant. These trends are the reverse to those observed for an interface under tension. It is notable however, that the results under shear are less symmetric about the point θ = π 2 than those obtained under tension (figure 6).
Discussion
Here we have shown that the geometry observed in the equine hoof is conducive to a stiff interface between two materials of vastly differing stiffness. We have investigated two different loading conditions on the interface and found in both cases hierarchy can be utilised in a highly beneficial manner. We have shown that through manipulation of the number of degrees of hierarchy, the scaling laws relating stiffness of interface to adhesion stiffness can be manipulated in a non-trivial, systematic manner. Furthermore, we have shown through altering the aspect ratio of the lamellae, the value of η at the transition from one scaling regime to another can be manipulated. Due to these altered scaling relationships, with increased hierarchy a greater degree of robustness under perturbation of the parameter η relating the two material stiffness is obtained, thus offering a possible evolutionary advantage of the hierarchical design over other designs that create a similar interface stiffness for a given η value.
This work shows the great potential of geometry to dictate the mechanical behaviour of interfaces joining two dissimilar materials. Although higher degrees of hierarchy prove too computationally expensive to simulate directly, analytic studies should be undertaken to elucidate the behaviour of these geometries. Though this work shows the tailorability of interface stiffness through hierarchy open questions remain regarding the fracture resistance, ductility and strength of these intricate architectures.
Not only does this work have implications for the design of geometry in engineering porblems of joining two materials of differing stiffness, this work also lends credence to the long assumed role of hierarchical interface geometry in the equine hoof: that such geometry has been selected by evolutionary pressures (among other reasons) for mechanical purpose. Despite the undoubted complexity of the biological system, it is expected that the main computational findings of this work apply to the interface observed within the hoof: increasing the hierarchy of the interface serves to increase the mechanical stiffness of the interface. Further work is necessary to establish the effect of this interface on fracture resistance and maximum allowable loads and the effect of higher degrees of hierarchy.
